I. INTRODUCTION
About one century ago Fricke and Klein' studied a noncompact surface of third degree 1=x2+$+22-2xyz-1
in the context of automorphism of discrete groups, where x= tr( B)/2, y-tr(A)/2, zetr(AB)/2, Ir[tr(A-'B-'AB)-2]/4, and A,B are assumed to belong to SL(2,R) or SL(2,C). On the other hand, localization due to quasiperiodicity has been of interest for both mathematicians and theoretical physicists. A decade ago it was rediscovered by Kohmoto, Kadanoff, and Tang ( KKT)2 as a very interesting mathematical system in order to investigate the nature of the localization phenomenon in the Schrodinger operator on a binary Fibonacci lattice (BFL), which is constructed by a substitution scheme, A -+A B, B+A.3 In this problem we consider the discretized S&r&linger equation
where V,, and T, are the on-site potential at site n and the hopping integral between the nth and the (n + 1) th sites, respectively, and take on two values associated with the two types of atoms, A and B, in the BFL. If we convert the Schrodinger equation into the transfer-matrix form4 then KKT obtains the famous three-dimensional trace map system xk+l=2x~k--1-xk-2~
with the invariant I, taking x=x&2, y=xk-i, z=xkt where x&=tr(r&)/2.5 Thus the surface of Fricke and Klein is invariant under the trace map for the BFL, and exists in a threedimensional space. In this sense we may call it the KKT invariant surface.
One can calculate the energy bands using the trace: If x& is bounded as /xkl (1, then an energy lies in a band. Otherwise, it lies in an energy gap. Thus, the trace map with the invariant surface is known to play an essential role to obtain the Cantor-setlike energy bands6 as well as to calculate the Lyapunov exponent' y'Nym ; log[ll_T(W (4) where IlTll stands for the norm of _T, i.e., /ITI] zn ,/m." Recently, it was shown that even the exact wave functions can be represented in terms of the trace as we11.9
The above trace map system of KKT was generalized to the more generic systems of the arbitrary binary quasiperiodic lattices ( BQPLs) .%I1 It was also shown that even in this case the same invariant surface still exists and dominates the quasiperiodic physics in the system.991 ' As a generalization of the KKT method Ali and Gumbs12 first studied a ternary Fibonacci lattice (TFL) constructed by a substitution scheme: A -+ A BC, B+ A,C-+ B, and succeeded to obtain the corresponding six-dimensional trace map system (5a) where the initial traces are defined as follows:
Here tl,t2,t3,t12,t23,t123 will be defined as in Eq. (10). It was generalized by the author13 to obtain the trace map system for more generic ternary quasiperiodic lattices (TQPLs) generated by substitution schemes: A+AmBnC,B+A,C+ B, where m,n are arbitrary positive integers. More recently he further obtained the trace map systems for the quaternary quasiperiodic lattices ( QQPLs), including quaternary Fibonacci lattice (QFL) constructed by a substitution scheme: A -+ A BCD, B+ A,C-+ B, D-P C. l4 Finally these systems are embedded in a class of trace map systems for an nary Fibonacci lattice (NFL), constructed by a substitution scheme of n letters A~ABCD...Z,B~A,C~B,D-*C;.. ,Z-.Y,
where the trace map is given by an n(n + 1)/2-dimensional dynamical map
with the initial condition defined by the following n (n + 1)/2 traces: @a) In spite of the above successful generalizations we have been unable to find an invariant surface under the trace map of the NFL for n)3. It has been conjectured that there exist no such surfaces of polynomial types with quadratic and cubic terms for the systems of more than three letters.'2"5 However, the search for such invariant surfaces is very important in order to answer whether or not the electronic state in the system belongs to a critical state, where the wave function is self-similar or fractal, and whether or not the mobility edge exists in the spectrum. '6 In this article we would like to present a class of new invariant surfaces that are left invariant under the trace maps for NFLs for the tirst time. As we shall see below it is a natural extension of the KKT invariant surface since it includes that as a special case.
II. MAIN THEOREM AND PROOF
The main result of the present article is the following theorem: Theorem 1: An (n+l)th degree surface in Rn(n+')'2, which is represented by an (n+I) x (n + I) determinant is left invariant under the trace map for the NFL.
For example, for the BFL of n=2 we recover the invariant surface of KKT in R3
Is= x1 1 x0 = 1+2x~~x*-x02-x&x~2. (13) and so forth. This is the first nontrivial result in this research.
Proof of Theorem I: Let us prove the above theorem. To do that, we first reduce the trace map [Eqs. (8)] to the more relevant form. From the substitution scheme [Eq. (7) 
Thus if one is able to represent the n traces in Eqs. ( 17) in terms of the n (n + 1)/2 traces, the trace map is obtained. This can be done with the use of the Fricke identity""* tr(PQ) =tr P* tr Q-tr(P-'Q). (21) where we have used the Fricke identity, taking PsABC* * -Z and Q=ABC* * *M. In this way one can conclude that there appear only the n (n + 1)/2 traces I&. ( lo)] under the scaling transformation. Therefore, after the scaling transformation is performed once, the above n (n + 1)/2 traces are transformed as *2+*'2=*1, *3-f3=*2, . . . . 
Similarly, multiply the second row by 2t12..., and subtract the second row from the first row, then we get
Exchange the tirst and the second columns, the second and the third columns, and the same way until the first column becomes the nth column. Next, we do the same thing for the first row. We then find 
Considering the sign convention for the nth row and column in the determinant we finally find that Infl'=Infl, using a property of determinants. Finally, if we go back to the parametrization in the trace map form [Eqs. (8) and (9)], then we get the expression of Eq. ( 11). Q.E.D.
ill. EVALUATION OF THE INVARIANTS
To evaluate the invariant In+l we are able to use a particular initial set of the n (n + 1) /2 traces, which are corresponding to the band centers in the spectrum, i.e., E=O. Since the transfer matrices, A,B,...,Z are linear in E for the off-diagonal mode1,113'3*14 the trace of a product of the even numbers of the transfer matrices becomes a constant while that of a product of the odd numbers of the transfer matrices vanishes. We then have x0=x1 = -*-=xn-l=o, zl;5)2&12, 
Therefore we get +2~*l~*23*13-*1*2*12-*~*3*~3-*~*3*13~ -1 =o.
If we regard this equation as a quadratic equation with respect to t13, then we are able to rewrite it as t132-2xt13+ Y=O,
where x= *12*23 -*1*3 -*2*123, (364 Since the trace of t13 must be real for the physical models, the discriminant D is defined by 0=X2-Y>O such that t13 = X f fi; this D is identical to I,. 
where We have used 1 -ill2 2 a . . . -342-~12342+u12~341234=0, whrch is given by dtrect Cal&a-tion.
The above result can be proven by following the argument of Avishai, Berend, and Graubman." Since the 2x2 transfer matrices are regarded as four-dimensional vectors, from the linear independency one finds alI+ad+a3B+a4C+a5D=0,
where I is the 2~ 2 unit matrix, A, B, C, and D are arbitrary four distinct 2 X 2 matrices ESL( 2,C), and not all of the als are nonzero constants. We use A, AB, ABC, and ABCD instead of A, B, C, and D in Eq. (38), respectively, such that alI+a@+a3AB+a4ABC+aSABCD=0. 
If we take the trace for Eqs. (39)- (43) Since not all of the als are nonzero constants by the linear independency of the fourdimensional vectors, the determinant of the matrix in Eq. (45) must vanish. This provides I,=O. The above argument can be generalized to the invariants I,, 1 for n > 4, using the linear dependency of the four-dimensional vectors. So, we must have I,, 1 =0 for n > 4.
In the above discussion we have used the particular set of traces arising from the offdiagonal model, by which we found the above results for the values of the invariants. However, in a mathematical sense, it is not necessarily so. In general, the invariants can be arbitrary values. The different values may provide the distinct topology of the invariant surfaces as it was so in the KKT invariant surface for the BQPL, although this problem is open.
IV. SOME CONJECTURES: UNIVERSAL CRITICALITY
We are going to discuss the significance of the existence of the invariant surfaces for the NFLs. As is shown before, each of these is invariant under the corresponding n( n + 1)/2-dimensional trace map, where the set of the n( n+ 1)/2 traces forms a point in a space of Rn(n+1)/2. In other words, the trace map is carried out within the surface so that it maps a point on the surface from one point to another. Since the invariant surface is noncompact, almost all the points on the surface escape to infinity under operating the trace map infinitely many times, except some particular points on the surface, which then correspond to the nonescaping points-i.e., the energy spectrum. Thus, this gives rise to a Cantor set of the energy bands13'14 as well as BQPLs." This situation leads us to the following conjecture on the universal criticality of the spectrum for the NFL.
Conjecture 1: AN the states in the Schrb'dinger operator for the NFL belong to critical states. Recent developments have been made by several authors'2-14V20 in order to generalize the trace map system to that for the Schrodinger operators with an arbitrary deterministic potential sequences of an arbitrary number of letters. In this problem, although the intensive stud-&14*2' accomplished to obtain the trace maps under the generators of the Nielsen transformations of rank n>3, the invariant surfaces for them are not yet known. So, to find the invariant surfaces under the generators of the Nielsen transformations of rank n)3, such as those for the NFLs proposed in this article, it is left to us to solve this very important problem. For this direction I would like to conjecture the following:
Conjecture 2: The noncompact invariant surface exists and is invariant under any generator of the Nielsen transformations of rank n>3.
Conjecture 2 then provides the more generic conjecture on the universal criticality for the electronic states in the systems, since the noncompactness of the invariant surface is crucial to consider the escape problem of the trace under the trace maps for the arbitrary substitutional sequences.
Conjecture 3 (universal criticality of the spectrum): All the states in the Schriidinger operators with deterministic substitutional potential sequences given by the Nielsen transformations of rank n)3 belong to critical states.
This conjecture states that in our system of one-dimensional Schriidinger operators with deterministic substitutional sequences there exists the universal criticality of the spectrum, i.e., there are neither localized nor extended states but critical states. This situation in our problem is very different from that in the disordered lattices, where all the states belong to localized states in one dimension.16~22
At this moment, for the above three conjectures there are no rigorous proofs available. But it is an interesting subject for further research.
V. CONCLUSION
In conclusion we have first proven the existence of a class of new invariant surfaces under the trace maps for the NFLs for the tlrst time. This was summarized as Theorem 1. We gave some examples for the nontrivial surfaces. Next, we have discussed the physical significance of the existence of the noncompact surfaces. By this noncompactness of the invariant surface we expect that the trace is always escaping under the trace map for the NFL, except some particular values of traces (i.e., the nonescaping points) that correspond to the energy spectrum, which is Cantor-setlike. From this situation we concluded the universal criticality of the spectrum in the Schriidinger operator for the NFL, which was stated as Conjecture 1. This result strongly suggests a more generic and wider class of universal criticality of the spectrum, and this was conjectured to extend to that in the S&r&linger operators with arbitrary substitutional potential sequences generated by the Nielsen transformations of rank n)3 as in Conjectures 2 and 3. J. Schelhihuber, and E. D. Siggia, ibid. 50, 1873 Siggia, ibid. 50, (1983 ; also see, J. B. Sokoloff, Phys. Rep. 126, 189 (1985) .
'By recursively operating this substitution rule, one can obtain a symbolic sequence for the Fibonacci lattice. Let S, be the kth generation of the Fibonacci lattice. It is generated by S L+r=Sfik-l with the initial condition Se="B,"
S, = "A." According to this sequence the total number of the sites (i.e., the total number of A's and B's) in the kth generation is represented by a Fibonacci number Fk, which is provided by Fk+l=Fk+Fk-, with F,=Fl= 1.
4Equivalently, the S&r&linger equation is converted into the transfer-matrix form: Y,+,=T(n)Y,, where the transfer matrix T(n) and the ivave function Y, are given by s_T, is defined as a matrix product of the Fk transfer matrices such that _T=_T(Fk)_T(Fk-l)**+_T ( 1) As long as the trace diverges to iminity ( f OJ ), the Lyapunov exponent has a lower bound such as y>ye dim&,, (l/N)log[ Itr T(N) I]. Thus, the role of the trace is clear.
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